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Main objective in wind farm

® |n a wind farm, one seeks to find the positions that minimize the losses of interaction.

® At same time, minimizing the cost of installation and maintenance.
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Problem Formulation

Optimization problem

® f takes its values in R

® g may have vectorial outputs, examples of h, A, and ¢ are given below.
dr&iPC f(X,C)
de{n,...,N}
X € X c (R?)“
Ce{(E,V,L),E=hX),VeALecap\V)}
g(X,C)<o0

Equivalence in Wind Farm

In wind farm optimization, d represents the number of turbines, X is the set of positions and C
is a graph of the cable with labels as local costs and f can be cost-production.




Problem Formulation: Examples of families of h, A, L, ¢ and V

Examples of h

h: (R%)Y — (R?)9 U (R?)9*k.
h: (x1,x0,..xq) +—— (X1,X2,..Xd, X{, .-, X))

A\,

Example of A
® |n this case C is composed of k connected components.
e A is the set of vertices achieving the minimum spanning tree.

® The labels L are the pairwise distances and V = (V4, ..., V&) where V; is the vertices
achieving the minimum spanning tree of each component

Example of ¢
So V = (Vl, . VM) with v; = ((a,-, b,‘), (C,', d,')), aj, bj,ci,di € R and
o(V) = (Il(a1, b1) — (c1, d1)ll2; - [|(am, bm) = (em dm)|]2)-

| A\
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Problem Formulation: Sub-optimize C

Optimize while sub-optimizing C

e Consider f(d, X) = mincf(d, X, C) where the minimization is carried out by an algorithm
for minimum spanning trees.

® The global variable of optimization can be written as (x, ..., x4) where
Vk € {1,..d},xx € R2.
® |t is invariant under permutation and can be represented as a cloud of points.

2.D points
*

* Cloud of paint

20 -15 -10 -05 00 05 10 15 20
x
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Problem Formulation: Example of Analytical Function

An analytical function depending only on the positions
e Consider the set of discrete values {15, ..20}

® For any cloud of 2D points X = {x1, ..., xp} with x; = (xj 1, X 2), Vi

® Consider a positive function f,(xk,x;) measuring the influence of x, on x; with x, 1 < x1
and bounded by 1.

® A constant positive function f(x;)
O f(X17 "'7XI7) = 27:1 J X1 <Xi1 fp(XJ"Xi)fO(Xi)

® The function is invariant under permutation.

® The variable of optimization can be represented as a cloud of point.
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Problem Formulation: Example of Analytical Function

Simplistic analytical function
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Figure: Value of f,((—40,0), x)
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State of Art on Turbine Positions Optimization

® Genetic Algorithms as in [12] based on cross-over, mutation and selection on the positions
of the turbines. The global variable is coded as a binary string.

® Particle Swarm Optimization [7]: consider layouts as swarms, elements as particles and use
best local and global result for updating.

® Random Search [8], random individual move, check feasibility with stopping criterion.

® Simulated Annealing [3]: cooling temperature, metropolis hasting to avoid local
convergence.

Non Stochastic
® Greedy Heuristic Algorithms [6]: adding clouds successively on best positions.

® Mixed Integer Linear Programming Approach [1] : Modeling the problem as linear
including integer and real variables for simplification.
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Gaussian Processes over clouds of points: Kernel Function

® We consider a function f in a compact space X C UQI:n(R2)d :
e Metamodel f with a Gaussian process.

® First necessary ingredient : a kernel function, k(X, Y') between the clouds of points X

and Y.

Necessary Conditions on k
To define a Gaussian process k must satisfy the following conditions.
® Symmetry: for two cloud of points, X and Y, k(X,Y) = k(Y, X).
® Positive definite: for any M distinct clouds of points, the gram matrix K defined by

Kij = k(Xi, X;) must be semi-definite positive. In other words, for any vector ¢ € RM  the

following inequality must hold: >V, inl cicik(Xi, Xj) > 0
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Gaussian Processes over clouds of points : Substitution Kernels

Substitution with Exponential

e Firstly, we consider correlation kernels of the form: k(X,Y) = exp(—w(;;’zy)).

® We know that k defined above is a valid kernel (symmetric and positive semi-definite) if
and only if W is Hermitian (symmetric in the real case) and conditionally negative
semi-definite [2].

e |n other words, for any M distinct points and ¢ € R™ with Z,’\il ¢i = 0, the following
inequality must hold: S, inl GV (X, Xj) <0

o If W(X,Y) = d(¢(X),d(Y))? where d is the distance between ¢(X) and ¢(Y) the
respective images of X and Y in an metric space Space, the above conditions are
equivalent to the fact that the metric be Hilbertian..
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Gaussian Processes over clouds of points : Substitution Kernels

Hilbertian Cases: MMD

Suppose we have two clouds X = (x1,..xn), Y = (y1, ..., ym) and Px = 237 . 6,

Py = % J-m:1 y;» the respective associated empirical uniform distributions.

There exists a Reproducing Kernel Hilbert Space, H with a characteristic kernel such as
kau(x, ) = exp(— ).

The characteristic nature guarantees the injectivity of the embedding map [13]:

Px — px = [ Px(x)ky(x,.)dx.

MMD?(Px, Py) = [lux — py |l

For any kernel ky of the RKHS, the uniform empirical laws give MMD?(Px, Py) =

o5 2oy i k(X X) + e 2oy Do k(i i) — 2m doien Doy kX0, 5)

2 . "
The correlation kernel k(X, Y) = exp(—%ﬂ) is symmetric and definite positive.

12/27




Gaussian Processes over clouds of points : Substitution Kernels

Wasserstein Distance in 1D Case: Definition and properties see [5] and [11]

® ety and v be two nonnegative measures in R with (R) = v(R) = 1. The Wasserstein
distance of order 2 between p and v is defined as folllows:

Wi(u,v) = inf // Ix — y|2P(dx, dy)
RxR

PeM(p,v)

Let Cu(x) = 7 du, Cu(x) = [ dv their cumulative distribution function.
Pseudo-inverse : Vr € [0,1],C,'(r) = min,{x € RU{—o00} : C,(r) > x}
Then W3 (p,v) = |IC; 1 — Cl/_lH%P([OJ])' see [15]

W2(u,v) is symmetric and conditionally negative definite. ([11])

If x and v are defined in R x R, the above condition is no longer guaranteed.
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Gaussian Processes over clouds of points : Substitution Kernels

Sliced Wasserstein Distance on empirical uniforms in 2D

® For a cloud of points X = (x1, ..., Xs),x; € R x R,Vj € {1,..., n}, the empirical uniform
measure, Px = %Z,’-’:l dx;, is defined in R x R.

® Solution : Use Sliced Wasserstein Distance

* Consider the empirical probabilities Px = 137, 6., Py = L > L1 dy; of two clouds of
points

® Let S={0cR?|9| =1}

® Consider the projected empirical measure on the line directed by 6 € S:
0" Px = 4 311 0<x0> and 0°Py = 2377 0cy 0>

° 5W22(Px, Py) = fS W22(9*Px, Q*Py)de,

® Implementation using POT [9]

® The correlation kernel k(X,Y) = exp(—%

positive as in [5]

) is symmetric and semi-definite
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Gaussian Processes over clouds of points : Substitution Kernels

Wasserstein Distance Between Empirical Gaussians

® For two measures 1 and v defined over a space X, the Wasserstein distance of positive
cost function p and order p is defined as follows : Wy = infpcn,.y [y x 2(x, ¥)dm(x, y)

® We associate to each cloud of point X = (x1,..xp), Y = ()1, ..., ¥m), its empirical
Gaussian: Nx(mx,Xx) and Ny(my,Xy).

e Ny is defined by my = %27:1 x; and X x = %Z,’-’Zl(x,- — mx)(xi — mx)T

® Ny is defined by my = X Ymiyjand Ty = LS —my)(y; — my)"

® For an Euclidean cost in 2D , the Wasserstein distance of two Gaussians is given in a
closed form as : W2 = ||mx — my|]2 + tr(Ex + Ty — 2(Zy * Ty T3/ %)Y/?)

® Consider the version W32 = ||mx — my||? + HZ;/z — Zi,/zﬂ%_-mbenius as in [4]

2
® The above distance is conditionally negative definite and k(X, Y) = exp(—;‘{T%) is
therefore a valid kernel.
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Gaussian Processes over clouds of points: Probability Product

Kernels

Battachayra kernel, see [10]

® As in [10], we consider at first the following kernel between two distributions :
k(p, p") = [q P(x)?P"(x)dx
® |t is symmetric semi-definite positive.
° For two clouds of points X and Y their empirical underlying laws,Px and Py, consider
= [ P{(x)P{(x)dx
o For two Gau55|ans N(p,X) and N(p/, L) , one gets:

_ _ P _ 1
(2m) P2 V2| P2 T R exp (— ST 2u’TZ’ Y St T T )
where ¥ = (pX ! + pZ 1) Land put = pZ 1+ pX 1y

o If p= % it is called the Battachayra Kernel and Expected Likelihood Kernel when p =1

1
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Gaussian Processes over clouds of points : Inner Product of

Embeddings

e Consider a Reproducmg Kernel Hilbert Space, H with a characteristic kernel such as
k(x, ) = exp(—B0).

® The characteristic nature guarantees the injectivity of the embedding map :
Px — ux = [ Px(x)k(x,.)dx.

o We define k(X,Y) =< ux,uy >

® Depending on the empirical distribution and the kernel of the RKHS, we get different
kernels between the clouds of points.

® For any kernel ky; of the RKHS, the uniform empirical laws give
k(X,Y) = o5 2 jm:1 ka(xi, y5)

e With Gaussian and ky;(x,.) = exp(—7||x — .||?), we get a cosed form [14]:

1 i
K(X,Y) =< px, py >=exp (=5 (u—p) (E+T 97 =) /T +2 + 112
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Numerical Geometrical Properties of the Kernels: Rotation

Mean Correlation for different points

4 H 6

[] 1 2 3 3
Angle Angle

Figure: Normalized mean(100 points) correlations between clouds as measured by different kernels: Battachayra
kernel(red color), sliced Wassertein (green color), Wassertein between Gaussians (yellow color), MMD
substitution(blue), uniform embeddings (darkturquoise), and Gaussian embeddings (violet color). The same
clouds are rotated (top right), two different clouds are rotated bottom left. 1827



Numerical Geometrical Properties of Kernels: Translation

Mean Correlation for same points.
Standard Variation

o 25 se 75 W0 125 1o Ws 20 o 25 50 75 W0 125 1O 15 200
Steps of translation Steps of translation

Standard Variation

Mean Correlation for different points.

o 25 so 75 W0 125 158 Ws 20 do 25 50 75 W0 125 10 175 200
Steps of translation Steps of translation

Figure: Normalized mean(100 points) correlations between clouds as measured by different kernels: Battachayra
kernel(red color), sliced Wassertein (green color), Wassertein between Gaussians (yellow color), MMD
substitution(blue), uniform embeddings (darkturquoise), and Gaussian embeddings (violet color). The same

clouds are translated (top right), two different clouds are translated bottom left. 1927



Numerical Geometrical Properties of Kernels: Dilatation

6 3 [
Steps of dilatation Steps of dilatation

Figure: Normalized mean(100 points) correlations between clouds as measured by different kernels: Battachayra
kernel(red color), sliced Wassertein (green color), Wassertein between Gaussians (yellow color), MMD
substitution(blue), uniform embeddings (darkturquoise), and Gaussian embeddings (violet color). The same
clouds are dilated (top right), two different clouds are dilated bottom left. 20/ 27



Numerical Geometrical Properties of Kernels: Size of points

6 13 1

6 8 10 0 2 4
Number of points

7
Number of points

Figure: Normalized mean(100 points) correlations between clouds as measured by different kernels: Battachayra
kernel(red color), sliced Wassertein (green color), Wassertein between Gaussians (yellow color), MMD
substitution(blue), uniform embeddings (darkturquoise). The same clouds vary in size (top right), different
clouds vary in size bottom left. 2127



Perspectives

Perspectives
e Create a kernel with features of a cloud of points.
Ability of Prediction of the different kernels

e Define optimization algorithms for the acquisition function.

Think about the design of experiments.

Enrich the base of the test functions.
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